MATH241 Lecture Notes

Section 6: Singular Value Decomposition
MATH241 Lecture Notes, notes pages Extra notes

Notation. Scalars are plain italic (a, «, z), vectors are bold (u,x), and matrices are italic capitals
(A, B; zero matrix O, identity I). The handwritten notes underline vectors once and matrices
twice.

These notes are built on top of Orhan Arikan’s linear algebra course notes.

—— extra note: SVD Lecture Notes, page 1 —

Supplement supplied separately; wording and calculations retained as written.

Singular Value Decomposition (SVD)

For a real m x n matrix A, the product AT A is symmetric and positive semi-definite, so it can be
diagonalized by an orthogonal matrix:

ATA=VAVT where VIV =1,, A=diag(c?,...,02), o1>09>--->0,>0.
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Now look at what AA”T does to the vector Avy:
(AAT) Avy, = A(AT Avy) = o} Avy.

Thus Awv;, is an eigenvector of the symmetric positive semi-definite matrix AA”T with eigenvalue
0,%, provided Avy, # 0. Write Avy = aguy with ||ug|| = 1. Taking norms,

|Avi||? = |ox|* = vl AT Avg = |w|? = o = oy is a solution.
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Remark: The product AT Avy, is replaced by a,%v/yC7 and then 'vg'vk =1

So Avy = oruy for every k. Putting all n of these equations side by side,

Alvy -+ vy = (w101 U202 - URoy| = (Ul - Uy by
diag(o1,...,0n)

= AV =UY = A=UxVT.

If o, = 0, then Avy, = 0 and the formula uy = Avy /oy does not define ug. Such columns can be
completed with any orthonormal vectors, or simply dropped, as in the final form below.

For the non-zero singular values the vectors u; are automatically orthonormal. Indeed, for o5 > 0
and og; > 0,

1 1 1
ufu; = —vlATA—v, = —ol (AT A)v,
Ok o; O0; N’
a?'ui
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= VU = . .
Ok 0 ifk+#i.

Final form. Keeping only the r non-zero singular values, the matrix is a sum of r rank-one pieces:

The SVD in its final form

'
A= E UiuiviT, where 7 is the number of non-zero singular values o;.
i=1

A=USVE U =[u - u;], % =diag(os,...,0.), V,=]v1,...,0.]

—— extra note: SVD SUMMARY, page 1 —

Supplement supplied separately; wording and calculations retained as written.

SVD (Singular Value Decomposition)

Definition. A real m x n matrix A of rank r can be written in the “reduced” form

Reduced SVD
o 0 - 0
T 0 o2 :
Apxn = UXVE D) =
. g3 .
0 -+ 0 o
TXTr

The numbers o; are the singular values of A, ordered as o1 > 09 > 03 > --- > 0, > 0. The columns
of U and V are orthonormal bases of the column space and the row space:

Unxr = [u1 -+ u,], where {u1,us,...,u,} is an ON basis for Col(A),

Vaxr = [v1 -+ v;], where {v1,v9,...,v,} is an ON basis for Row(A).

Scaling Effect of X

The matrix of singular values acts as a pure scaling: it stretches or shrinks each coordinate sepa-
rately. To see this, start from Az = y with € R” and y € R™, and multiply by U”:

UT
Apxn @ = Yy —>>< UTAiB = UTy
~ =~
GRW‘ ER"L

sUTusvTe =0y

I
>2Vle=UTy = 22 =7.
x Y

In the rotated coordinates & = V7 & and y = Uy the map is diagonal:

Scaling effect, componentwise

0iZi = Yi-

So the directions wv; in the input space are sent to the directions u; in the output space, and a
singular value o; > 1 stretches along that direction while o; < 1 shrinks it.



MATH241 Lecture Notes

The Matrix as a Sum of Rank-One Pieces

Multiplying out the three factors,

T
o1 - 0 (% r
2 : T
A= [u1 s ur] ()] = o;u;v; .
0o - oy ’UT i=1

T

Each term aiuiviT is a rank-one matrix, and together they add up to a matrix of rank r. Keeping
only the terms with the largest o; gives the best low-rank approximation of A.

—— extra note: SVD SUMMARY, page 2 —

Supplement supplied separately; wording and calculations retained as written.

Derivation of the Singular Vectors

Let W = ATA. Then W € R™" and W = WT.

1) The vectors v; (row space)
Start from A = USVT, which gives AT = VETUT. Multiplying,

A=UxvT

= ATA=vyTutusv’.
AT — VETUT T —

=X I

Remark: The middle product is I because the u;’s are orthonormal.

ATA=v2vT,
Multiplying on the right by V and using V'V = I (the v;’s are orthonormal),
= ATAV =v32 Ty = vy2
I

Reading this column by column,

(ATA)’UZ' = ’Ui)\i, )\z = 02.

)

So the eigenvalues of AT A are the squares of the singular values, and the columns v; of V are the
corresponding eigenvectors of AT A. We order them by eigenvalue: if Ay > Ay > A3 > -+ > Ay,
then v, is the eigenvector for A1, and so on.

2) The vectors u; (column space)

From A = UXV7T we get AV = U, and column by column Av; = u;o;. Hence

The left singular vectors

A’Uz‘
U; = )
0j

and these form an orthonormal basis for Col(A). Each w; must be listed in the same order as its
partner v;, so that the pairs (u;, v;) share the singular value o;.



